We study on a product Banach space the properties of a class of saddle functions called partially ball weakly inf-compact. For such a function we prove that the domain of the subdifferential is nonempty, that the operator naturally associated with the subdifferential is maximal monotone, and that the subdifferential of the function is integrable. For a function in a large subclass of that class we prove the density of the domain of the subdifferential in the domain of the function.
1. Introduction. The aim of the present paper is to study saddle functions K X × Y → − + defined on a product of Banach spaces X and Y . Such functions are closely related to minimax problems. The main contribution in the study of saddle functions with values in − + is due to Rockafellar. In the case when X and Y are finite dimensional, their properties are investigated in detail in a number of works of Rockafellar (cf., e.g., [16, 18, 19] ), McLinden [9, 10, 11] , etc. Most of those properties are generalized to the case when X and Y are Banach spaces, one of which is reflexive, in subsequent papers of Rockafellar [20, 22] , Gossez [6] , etc. Our intention here is to extend their results to a class of saddle functions defined on a product of two arbitrary Banach spaces X and Y .
We begin by giving some necessary preliminaries and notation in §2. The properties of saddle functions on the Banach space X × Y are laid out in §3. Section 4 is devoted to the study of subdifferentiability properties of saddle functions, and more precisely, the subdifferential properties of a proper closed saddle function K X × Y → − + that we call partially ball weakly inf-compact (Definition 4.1) and write pbwc for short. We establish that the domain of the subdifferential K is nonempty (Theorem 4.1). Moreover, in this setting the operator T K associated with K is maximal monotone (Theorem 4.3). For proper closed saddle functions K in a large subclass of pbwc saddle functions we show that the domain of K is dense in the domain of K (Theorem 4.2). In the final section, §5, we prove that for proper closed pbwc saddle functions K the subdifferential K is integrable (Theorems 5.1 and 5.2).
We can conclude that there exist clear parallels between basic properties of proper closed convex functions defined on a Banach space X and those of proper closed pbwc saddle functions defined on a product Banach space X × Y .
X
* (see Holmes [7, p. 123] ). A convex function f on X is an everywhere defined function with values in the extended real interval − + whose epigraph epi f = x r ∈ X × f x ≤ r is a convex set in X × . The effective domain of f is defined by dom f = x ∈ X f x < + . If f x > − for all x and f x < + for at least one x, then f is said to be proper. Otherwise, f is said to be improper. The convex function f is said to be closed if it is proper and lower semicontinuous, or else, if it is identically + or − . Through the paper, unless otherwise specified, the closure and lower semicontinuity operations will be taken with respect to the norm topology. Given any convex function f on X, there exists a greatest closed convex function majorized by f . This function is called the closure of f and is denoted by cl f . It is clear that cl f ≤ f and f is closed exactly when f = cl f . When f does not take the value − , then cl f x = lim inf x →x f x for all x ∈ X (2.1)
For any convex function f on X, the function f * X * → − + defined by
is called the conjugate of f . The conjugate of a proper lower semicontinuous convex function f on X is a proper convex function on X * which is lower semicontinuous with respect to the weak-star topology w X * X , as well as to the norm topology of X * . One defines the biconjugate of a convex function f on X as the conjugate of its conjugate function, i.e., it is the function f * * X * * → − + on the bidual space X * * defined by f * * x * * = sup
The biconjugate of a proper convex lower semicontinuous function f is a proper convex function on X * * which is lower semicontinuous with respect to the w X * * X * topology, as well as to the norm topology of X * * . By Fenchel's duality result, for a convex function f one has f * * x = cl f x for all x ∈ X (2.
2)
The reader interested in the theory of conjugate convex functions could consult for example Brøndsted [2] , Fenchel [5] , Moreau [12, 13] , and Rockafellar [17, 19] . A subgradient of a convex function f at a point x is an element x * ∈ X * such that
The (possibly empty) set of all such subgradients of f at x is denoted by f x and the multivalued mapping f X → 2 X * is called the subdifferential of f . The domain of f is defined by dom f = x ∈ X f x = . Obviously, when f is proper, dom f ⊂ dom f . We will often use the following well-known result (see Brøndsted and Rockafellar [3] ):
If the convex function f X → ∪ + is proper and lower semicontinuous, then dom f is dense in dom f (2.3) Recall that the range of f is the subset of X * given by Rge f = x∈X f x while the graph of f is the set gph f = x x * ∈ X × X * x * ∈ f x . It is well known (see for example Aubin and Ekeland [1] , Moreau [13] , and Rockafellar [19] ) that for a proper convex function f , the following are equivalent:
and any of those implies that x ∈ dom f . If, in addition, f is lower semicontinuous at x, then If X is reflexive and f is a proper lower semicontinuous convex function, from (2.4) it is clear that one can identify f * * with f and that f * is just the "inverse" of f . In other words, x ∈ f * x * if and only if x * ∈ f x . If X is not reflexive, the relationship between f * and f is more complicated, but f * and f still completely determine each other, according to the following result due to Rockafellar [21] . For any r ∈ , the r-sublevel set of the convex function f is the (possibly empty) set f ≤ r = x ∈ X f x ≤ r . Obviously, it is a convex set and when f is lower semicontinuous, it is closed in the norm topology as well as in the weak topology of X. Let B X denote the closed unit ball of the Banach space X.
We say that the function f X → ∪ + is ball weakly inf-compact (bwc for short) if for any r ∈ the sets Lev r n f = f ≤ r ∩ nB X are w X X * compact for any n ∈ . We make the convention that the empty set is weakly compact. Recall that the notion of inf-compactness was introduced by Moreau (see [13] in X converging to x * * in the w X * * X * topology such that x * ∈ f x for every ∈ A. As f is proper we take any x 0 ∈ dom f and by the definition of the subdifferential we have
If we set r = 1 + f x 0 + x * x * * − x 0 , there exists some 0 ∈ A such that f x ≤ r for all ≥ 0 . Since the net x ∈A is norm bounded, for sufficiently large n ∈ , the points x ∈ f ≤ r ∩ nB X for all ≥ 0 . The w X X * compactness of the latter set ensures that the w X * * X * closure of its embedding in X * * lies in X (cf., e.g., Holmes [7, p. 149] in the w X * * * X * * topology such that x * * ∈ f * x * for every ∈ A. From the norm convergence of x * * to x * * 0 we have that x * * are eventually in U , in particular x * * ∈ X. However, from (b) we have that x * * ∈ X, which yields a contradiction. Hence, dom f * * ⊂ X. (c) ⇒ (a). Let us fix r ∈ and n ∈ such that Lev r n f is a nonempty set; otherwise the claim is trivial. Take an arbitrary net x ∈A ⊂ Lev r n f . Since x = x and f x = f * * x by (2.2), we have x ∈ S = x * * ∈ X * * f * * x * * ≤ r ∩ nB X * * . The later set being obviously w X * * X * compact one may extract from x ∈A a subnet x s ∈ that converges to some x * * ∈ S in the w X * * X * topology. The definition of S yields that x * * ∈ dom f * * By the assumption of (c) we have that x * * =x for some x ∈ X, and x * * ∈ nB X * * implies that x ∈ nB X Obviously, x s tends to x in the w X X * topology and x ∈ Lev r n f since f x = f * * x by (2.2). From the arbitrary net x ∈A ⊂ Lev r n f we have shown how to obtain a subnet that is w X X * convergent to an element of Lev r n f . This means that the latter set is w X X * compact. The proof is then complete. To round off this section, let us recall that a concave function g on X is an everywhere defined function with values in the extended real interval − + such that the function −g is convex.
3. Saddle functions. Properties. Let us consider a space Z, which is a product of two real Banach spaces X and Y , i.e., Z = X × Y . Setting any reasonable norm on X × Y we have that Z is a Banach space (take for instance x y = max x y ) and its dual can be identified with X * × Y * using the pairing x y x * y * = x x * + y y * . A saddle function on Z is an everywhere defined function K with values in − + such that K · y is convex on X for each y ∈ Y and K x · is concave on Y for each x ∈ X. We denote by cl 1 K the saddle function obtained by closing K x y as a convex function of x for each fixed y, i.e., cl 1 K x y = cl K · y x . Similarly, we denote by cl 2 K the saddle function obtained by closing −K x y as a convex function of y for each fixed x and after that by taking its negative, i.e., cl 2 Gossez [6] and Rockafellar [19, 22] ). When K ∼ L, we say that K and L belong to the same equivalence class and that K and L are representatives of the class. There exists another definition for the relation K ∼ L which is, of course, equivalent to the former. For the second one we need to introduce two more notions.
The function on X × Y * obtained by taking the conjugate of −K x y in the second argument (its convex argument) when the first argument is fixed, i.e.,
will be called the convex parent of K (see Rockafellar [18] ). It is a convex function over
All parent functions that appear in the paper are considered as functions of the joint variable belonging to the product Banach space, and their effective domains and subdifferentials are taken in this setting. It is shown by Rockafellar (see [19] ) that two saddle functions are equivalent exactly when they have the same parent functions. Here we give a proof for completeness and for the convenience of the reader. where for the latter equality we use the fact that a convex function and its closure have the same conjugate function (see Moreau [13] ). Hence,
Analogously, for the concave parent G of K and the concave parent G of L one obtains that G x * y = G x * y . Now, let us suppose that F = F and G = G . From Fenchel duality (2.2) we have
, then K is said to be a closed saddle function (see Gossez [6] and Rockafellar [19, 22] ). A necessary and sufficient condition for K to be closed is
It is easy to see that when K is a closed saddle function and L is a saddle function equivalent to
The effective domain of a saddle function K (see Rockafellar [18, 19, 20] ) is defined as the set Dom K = C K × D K , where
A basic disadvantage of this definition comes from the fact that Dom K depends on the representative of the equivalence class of K, as it can be seen from an example due to Rockafellar (see Gossez [6] ). Hence, one introduces the following more appropriate notion for the domain of a saddle function K that depends only on the equivalence class to which K belongs (and not on the representatives of the class). The domain of a saddle function K (see Gossez [6] and Rockafellar [22] ) is defined by Dom K = C K × D K , where
The saddle function K is said to be proper if Dom K is a nonempty set. From the preceding, if K is closed, it is proper exactly when Dom K is a nonempty set.
The inclusion V ⊂ Dom K being obvious for V = , we may suppose that V = . Take any
Then, by the definition of the closure of a convex function, it follows that cl 1 K x y 0 = − for all x ∈ X, which yields a contradiction, since cl 1 K x 0 y 0 is finite. Hence, y 0 ∈ D K . Analogously, one shows that x 0 ∈ C K and then x 0 y 0 ∈ Dom K, so the inclusion V ⊂ Dom K is established. The opposite inclusion, i.e., Dom K ⊂ V , being obvious for Dom K = , we suppose it is nonempty and take any x 0 y 0 ∈ Dom K. Then
The proof is then complete.
The following statement concerns a useful property of a proper closed saddle function.
Proof. We will prove (a), the proof of (b) being similar. Since K is proper and closed,
Takeȳ ∈ D K . By definition, cl 1 K x ȳ > − for all x ∈ X and for anyx ∈ C K , cl 1 K x ȳ is finite by Lemma 3.2. Hence, cl 1 K · ȳ is a proper lower semicontinuous convex function and
Takeȳ ∈ D K . Then there existsx ∈ X such that cl 1 K x ȳ = − and the definition of the closure of a convex function implies that cl 1 
The following result is a simple extension of Lemma 1 in Rockafellar [18] . 
In a similar way one has that −G is closed and convex.
The properness and closedness of K imply that the set Dom K = C K × D K is nonempty. The inclusions of the domains hold from Lemma 3.3 and from the closedness of K.
Further, since F x · is the conjugate of the closed convex function −cl 2 K x · (see (3.3) and Lemma 3.3), from Fenchel duality (2.2) we have
As we said above, F is also the convex parent of cl 1 K, i.e., 
* is a subgradient of the convex function K · y at x and − y * is a subgradient of the convex function − K x · at y
The (possibly empty) set K x y is called the subdifferential of K at x y (see Rockafellar [16, 19] ). The domain of K is defined by Dom K = x y ∈ X × Y K x y = . It is clear from the definitions and from (2.5) that when K is proper,
The original finite dimensional version of the following lemma is due to Rockafellar and can be found in Rockafellar [18, Lemma 4] . Our proof follows the same steps. Proof. First, we will show that (a) and (b) are equivalent. Since by Lemma 3.4, F is a proper closed convex function, we have by (2.4) that
Since by Lemma 3.4, −G is a proper closed convex function, we have by (2.4) that
Finally, (a) and (b) are equivalent, since
and either of those implies the finiteness of F x y * and G x * y . Next, we will show that (c) implies (a) and (b). When (c) holds it implies that K x y is finite and by the definition of K we have that
Adding the last two inequalities we obtain F x y * − G x * y ≤ x x * + y y * . The opposite inequality being obvious, we have F x y * − G x * y = x x * + y y * . It follows from (4.2) that (a) and (b) hold.
Finally, let us suppose that (a) and (b) hold. The function F x · is a proper lower semicontinuous convex function andŷ ∈ 2 F x y * . Since F x · is the conjugate of −cl 2 K x · , it follows from (2.4) that
The function −G · y is a proper lower semicontinuous convex function andx ∈ 1 −G x * y . Since −G · y is the conjugate of cl 1 K · y , we have from (2.4)
From (4.2), we have that the left-hand sides of the last two equalities are equal; hence we obtain that cl 1 K x y = cl 2 K x y , and that, in particular, they are both equal to K x y . Hence,
which entails (4.3). However, it was already shown that (4.3) is equivalent to (c). The proof is then complete.
Combining Lemma 3.1 and Lemma 4.1, one easily obtains that if K is a proper closed saddle function and L is a saddle function equivalent to
Hence, the subdifferential of a proper closed saddle function K depends only on the equivalence class to which K belongs and does not depend on its representatives.
It is established by Rockafellar that the domain of the subdifferential of a proper closed saddle function K X × Y → − + is nonempty when one of the spaces X and Y is reflexive (see Rockafellar [20] ). We will extend this property (see Theorem 4.1) for a class of closed saddle functions defined on product of Banach spaces introduced by the following Definition 4.1. Let X Y be Banach spaces and let K X × Y → − + be a saddle function.
We say that K is X-bwc if for some y 0 ∈ D K the function cl 1 K · y 0 is bwc. Respectively, we say that K is Y -bwc if for some x 0 ∈ C K the function −cl 2 K x 0 · is bwc.
The function K is said to be partially ball weakly inf-compact (pbwc for short) if it is X-bwc or Y -bwc.
When for any x 0 y 0 ∈ Dom K it holds that cl 1 K · y 0 or −cl 2 K x 0 · is bwc, then K is said to be totally partially ball weakly inf-compact (tpbwc for short).
Let us note that when one of the spaces X and Y , say X, is reflexive, then any saddle function K on X × Y is tpbwc because cl 1 K · y is X-bwc for all y ∈ Y , which is ensured by the weak compactness of the closed unit ball B X .
From the very definition it is clear that K is pbwc whenever it is tpbwc, but when both spaces are not reflexive there exist pbwc saddle functions which are not tpbwc as we can see from the following Example. Let X and Y be two Banach spaces which are nonreflexive. Fix any function g X → ∪ + that is convex, lower semicontinuous and bwc with g 0 = 0 and g x > 0 for all x ∈ X\ 0 , and such that for C = dom g the set B X ∩ cl C is not w X X * compact and is nonempty.
Define a function K from X × Y into − + by
Since cl 2 K x · = K x · for all x ∈ X and since
(here, for a subset S, S denotes the indicator function, i.e, S x = 0 if x ∈ S and S x = + otherwise) it is not difficult to check that K is a proper closed saddle function with
As for y 0 = 0 ∈ B Y one has cl 1 K · y 0 = K · y 0 = g · which is bwc, we get that the function K is pbwc.
We claim that K is not tpbwc. Fix any x 0 y 0 ∈ Dom K = C × B Y with y 0 = 1. On the one hand, cl 1 K · y 0 = cl C · which is not bwc since B X ∩ cl C is not w X X * compact.
On the other hand,
hence for r = 0,
which is not w Y Y * compact. So the claim is established. An example of such a function g X → ∪ + with the properties listed above is given in X = l 1 by
Indeed, one has g ≤ r = for r < 0, g ≤ 0 = 0 for r = 0, and g ≤ r ⊂ −a a with a = r/2 n n=1 and −a a = x ∈ l 1 − r/2 n ≤ x n ≤ r/2 n ∀ n is easily seen to be totally bounded and closed and hence · compact. So, the function g is a convex, lower semicontinuous bwc function with g 0 = 0 and g x > 0 for all x ∈ X\ 0 .
Concerning the above properties required for g, it remains to show that L = B X ∩ cl C is not w X X * compact. Let e k with k ≥ 1 be the standard basis of l 1 = X and c = c n n=1 ∈ l = X * with 0 < c n < c n+1 and c n → 1 so c = 1. Since e k ∈ L and c e k = c k → 1 one has sup x∈L c x = 1. On the other hand, for each x ∈ L\ 0 ,
c n x n < n=1 x n ≤ 1 so c · does not attain its maximum over L, which means that L is not w X X * compact according to the James theorem.
Below we will find out that the pbwc saddle functions defined on a product Banach space possess many of the well-known properties of the saddle functions defined on a product of Banach spaces one of which is reflexive.
Lemma 4.2. Let X Y be Banach spaces, let K X × Y → − + be a proper closed X-bwc saddle function, and let G be its concave parent. Then the following properties hold:
Proof. (a) Take any x * * y * ∈ dom −G * and set r = −G * x * * y * . Then r ∈ and the equality −G * · y = cl 1 K · y * yields r = −G * x * * y * = sup
where the third equality is due to the fact that, for any y D K one has cl 1 K · y * = + , since cl 1 K · y = − according to Lemma 3. Proof. Without loss of generality we suppose that K is X-bwc. For the proper closed convex function −G there exists x * * y * ∈ −G x * y . From Lemma 4.2(b) we have that x * * =x for some x ∈ X, i.e., we have that x y * ∈ −G x * y . Lemma 4.1 ensures that this is equivalent to x * −y * ∈ K x y . The latter says in particular that Dom K is a nonempty set. The proof is then complete.
From Theorem 4.1 we can derive the density of the domain of the subdifferential in the domain of a proper closed tpbwc saddle function. This result is conjectured for any proper closed saddle function by Rockafellar (see [20, p. 249] ). It is established when X and Y are finite dimensional spaces (see Rockafellar [16, 19] ) and extended by Gossez (see [6, Theorem 1] ) to the case when one of the spaces X and Y is reflexive. The reflexivity assumption enters the latter proof essentially to ensure that in this case Dom K is a nonempty set. We will follow the proof of Gossez. To this end let us recall Corollary 1 from Gossez [6] , which states: Let K be a closed saddle function on the product Banach space Z = X × Y and let C ⊂ X and D ⊂ Y be closed convex sets such that the interior of C × D meets Dom K. Define
Then K 0 is a closed saddle function with
and for each x y ∈ X × Y ,
where N C x (resp. N D y ) denotes the normal cone to C (resp. D) at x (resp. y). Proof. We will use Theorem 4.1 and will follow the proof of Theorem 1 in Gossez [6] . Take any x 0 y 0 ∈ dom K. Without loss of generality we suppose that cl 1 
This says in particular that cl 1 K 0 · y 0 is bwc; hence K 0 is pbwc. Then Theorem 4.1 ensures that Dom K 0 = and hence (4.6) gives some x y ∈ C × D such that K x y = . The proof is then complete.
Another interesting property of a closed proper pbwc saddle function is that the graphs of the subdifferentials of its parent functions are completely determined by the graph of its subdifferential. Proof. Suppose that K is X-bwc. Lemma 4.1 shows that x y * ∈ −G x * y exactly when x * −y * ∈ K x y , so by Lemma 4.2(b), gph −G is completely determined by gph K.
From Lemma 3.4 we know that F is a proper closed convex function. The density of dom F in the nonempty set dom F implies that dom F is nonempty. Let x * y * * ∈ F x y * . From Lemma 4.2(c) we have that x * y * * ∈ F x y * exactly when x * y * * ∈ −G * x y * . Set W to be the Banach space on which the concave parent G of K is defined, i.e., W = X * × Y . For the conjugate function −G * , Lemma 4.2(a) gives that dom −G * ⊂ X × Y * . This combined with Theorem 2.1 ensures that: The latter says that gph F is completely determined by the elements of gph K. With any saddle function K X × Y → − + one may associate a monotone (see below) multivalued operator T K X × Y → 2 X * ×Y * given by
When K is proper and closed, we saw in Lemma 4.1 that K depends only on the equivalence class. The above definition ensures that in this case the same holds for the operator T K . This operator was introduced in relation with minimax problems by Rockafellar [20] who proved that in the case when one of the Banach spaces involved is assumed to be reflexive, T K is maximal monotone whenever K is proper and closed (see Rockafellar [20, Theorem 3] ). We will show that this is still true when K is a proper closed partially ball weakly inf-compact saddle function defined on a product Banach space. Closed relationship between proper closed saddle functions on X × X and maximal monotone operators on X is established by Krauss [8] .
Let us recall that a set-valued mapping S from a Banach space X to its dual X * is said to be monotone if x * ∈ S x , y * ∈ S y imply x − y x * − y * ≥ 0. The operator S is said to be maximal monotone if S is monotone and S has no proper monotone extension, i.e., if x x * ∈ X × X * is such that the monotone relation x − y x * − y * ≥ 0 holds for all y y * ∈ gph S, then x x * ∈ gph S (cf., e.g., Phelps [15] , Rockafellar [21] , and Simons [23] ). Proof. Let K be X-bwc. By Lemma 4.2(b) we know that the range of −G lies in X × Y * . By Lemma 4.1 and by the definition of T K it is clear that x * y * ∈ T K x y exactly when x y * ∈ −G x * y . The latter, being the subdifferential of a proper closed convex function, is maximal monotone (see Rockafellar [21] ). This implies the maximal monotonicity of T K .
Let us note that in the paper of Pak [14] one can find the statement of the above result for an arbitrary proper closed saddle function defined on a product of arbitrary Banach spaces, but the proof presented there implicitly presumes reflexivity.
5.
Integrability of the subdifferential of a proper closed partially ball weakly inf-compact saddle function. The integration of subdifferentials concerns the problem whether or not the condition that the subdifferental of g contains the subdifferental of f implies that g and f differ by a constant. The famous Rockafellar integration result (see Rockafellar [21] ) states that the inclusion f x ⊂ g x for all x ∈ X entails that g and f are equal up to a constant whenever f g X → ∪ + are proper, lower semicontinuous convex functions and X is a Banach space. Here we are interested in the integrability of the subdifferential of a saddle function on the product of Banach spaces. The result is established for Lipschitz saddle functions by Correa and Thibault [4] , some generalizations for directionally Lipschitz saddle functions can be found in Thibault and Zlateva [25] .
We consider two proper closed saddle functions K L X × Y → − + defined on a product Banach space and we are interested whether the pbwc condition on one of the functions K and L and the inclusion L ⊂ K entail that K and L are equivalent up to a finite additive constant.
First we will consider the case when the inside for the subdifferential inclusion function L is supposed to be pbwc. Proof. Let K and L be saddle functions satisfying the assumptions of Theorem 5.1. Let us denote by F and F the convex parents of L and K, respectively and by G and G the concave parents of L and K, respectively.
Since L and K are proper and closed we know by Lemma 3.4 that the functions F F −G , and −G are proper and lower semicontinuous convex functions.
Since L is supposed to be pbwc, without loss of generality we suppose that L is X-bwc. First, we will show that 
The X-bwc property of L yields, according to Lemma 4.2(b) , that x * * = x for some 
The functions −G and −G are both proper lower semicontinuous convex functions satisfying −G ⊂ −G . Analogous reasoning gives a finite constant d such that
Now using (3.6) from Lemma 3.4, (5.5), and (5.4) we obtain that Second we consider the case when the outside for the subdifferential inclusion function K is supposed to be pbwc. To establish the opposite inclusion of domains, let us take any x ȳ ∈ Dom K. Suppose thatȳ ∈ D L . Then cl 1 L · ȳ = − and 1 cl 1 L x ȳ ≡ X * for any x ∈ X. The first inclusion in (5.6) ensures that K · ȳ is everywhere subdifferentiable; hence from (2.5), K · ȳ = cl 1 K · ȳ , and 1 cl 1 K · ȳ = 1 K · ȳ = X * , which yields a contradiction, because cl 1 K · ȳ is a proper closed convex function. By similar argument we obtain that x ∈ C L ; hence Dom K ⊂ Dom L and, finally, Dom L = Dom K.
As K is pbwc, we may suppose that K is X-bwc. Take y 0 ∈ D K = D L such that cl 1 K · y 0 is bwc. Fix r ∈ and n ∈ and consider the sublevel set P r n = cl 1 L · y 0 ≤ r ∩ nB X . Since the function cl 1 L · y 0 is convex and lower semicontinuous, the latter set is weakly closed. By (5.7), P r n ⊂ cl 1 K · y 0 ≤ r − c y 0 ∩ nB X , which is weakly compact. Hence, P r n is weakly compact, which implies that the closed saddle function L is X-bwc also. Then by Theorem 4.1, Dom L = . Take any x * y * ∈ L x y . In particular, x * ∈ 1 L · y x . From (2.5) and the properness of L · y , we have that L x y = cl 1 L x y and that 1 cl 1 L · y x = 1 L · y x . The latter says that x * ∈ 1 cl 1 L · y x . The assumption (5.6) gives that x * ∈ 1 K · y x . Analogously one obtains that −y * ∈ 2 −K x · y . Hence, x * y * ∈ K x y . The arbitrariness of x * y * ensures that L x y ⊂ K x y for all x y ∈ Dom L. The assumptions of Theorem 5.1 being satisfied, we conclude that the result is established.
